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Abstract 
 
Among the usual geodetic methods of vertical deformations measuring of structures and natural objects, geometrical levelling is 
one of the most accurate, but also requires compliance to specific conditions of slope and terrain accessibility. Where geometrical 
levelling is difficult or impossible to apply, the trigonometric levelling can be a viable practical solution, if there are followed a 
series of procedures to improve the accuracy of the final results.  
For the case of classical geodetic measurements, where the network geometry has an important role, a high accuracy solution for 
the height differences has to ensure the mean square errors as small as possible in the vertical direction of the chosen coordinate 
system. In this situation, the whole monitoring network will be aligned in one vertical plane, so determining checkpoints height will 
result by a forward intersection in vertical plane.  
The functional model of the adjustment method will include only zenith angles measurements, but horizontal distances are used to 
determine the coordinates of landmarks in a rectangular vertical system. Thus, by the imposed geometry of the network, the new 
points’ coordinates will have a weaker component determined on the alignment direction of the benchmarks and a precise 
component determined on the height direction. In terms of graphical expression, after network adjustment by least squares method, 
the error ellipses will result in a very elongated geometric conformation, which are flattened in the interested direction of the height. 
The case study consisted in applying method to an area of a pedestrian bridge, in which was simulated the vertical deformations by 
means of control points of adjustable height. Two cycles were performed for monitoring vertical deformations compared with the 
results of the geometric levelling measurements. The results showed that for short distances, the differences obtained for control 
points’ height between the two methods were in the range [2.1 ÷ 5.7 mm] in both cycles of measurements. Height differences 
calculated between the two successive cycles of all the control points between the two methods were within the range of accuracy 
[0.8 ÷ 1.9 mm]. For long distances, this procedure of trigonometric levelling could provide improved results for height differences, 
in order to reduce the influence of zenith angles errors due to vertical atmospheric refraction. 
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1. Introduction 
 

Among the geodetic methods for monitoring 
the vertical deformations, one of the most precise and 
widely used method is the geometrical levelling 
method (Nistor, 1993). Under special circumstances, 
when the route has an accentuated slope or 
discontinuities that prevent the development of a 

∗ Author to whom all correspondence should be addressed: e-mail: constantin.chirila@tuiasi.ro, ralucaalbu@gmail.com 

levelling line, the solution is to use trigonometric 
levelling (Ceylan et al., 2005). 

The trigonometric levelling method has a 
restricted accuracy caused by the length of the sight 
line. As the sight length grows the measured height 
difference is influenced by the vertical atmospheric 
refraction (Moldoveanu, 2002). Taking into 
consideration the fact that, usually, monitoring 
engineering structures falls within the range of small 
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distances of several hundred meters, the careful and 
appropriate application of trigonometric levelling can 
approximate the geometric levelling accuracy (Nistor, 
1993). For the trigonometric levelling with station 
spacing at 200 – 300 m, measured by a precise total 
station, it can be neglected the influence of vertical 
refraction errors, as well as the effect of vertical 
deflections (Torge, 2001). 

If the motorized trigonometric levelling 
technique is applied, in which the vehicles are a part 
of the measuring system, the results obtained lead to a 
standard deviation of about ± 0.5 mm/km, results that 
are similar to the motorized geometric levelling 
technique (Becker and Lithen, 1986; Becker et al., 
1988; Becker, 2002; Chrzanowski, 1989; Chirilă et al., 
2015). 

Usually, it can be stated that high-order results 
can be obtained in trigonometric levelling by 
following specific procedures, regarding the angular 
and distance accuracy of instrument, special targets, 
redundancies of measurements, sight distances and 
specific corrections (Ghilani and Wolf, 2012). Using 
the advantages of trigonometric levelling as efficiently 
where the terrain is rugged, with frequent changes in 
elevation or where there are special engineering 
structures to be observed only remotely due to the high 
security or physical inaccessibility, it is possible to 
perform a vertical deformations monitoring with high 
precision.  

For this purpose, a monitoring network will be 
designed, which will include at least 4 fixed stations 
and an optimal number of control marks located on the 
structure of the construction to be tracked. Basically, 
we have to determine the height of the new landmarks 
by using a forward intersection in the vertical plane 
from the reference points with known coordinates. As 
there are redundancies of measurements, the 
network’s adjustment will be accomplished by using 
the least-squares method corrections (Ghilani and 
Wolf, 2006). Such an approach provides a complete 
picture on the precision of the results obtained, with 
the advantage of highlighting small errors resulting in 
the vertical direction due to the special configuration 
of the network’s geometry (Teunissen, 2006 a, b, 
2009). 

The method was tested on a pedestrian bridge 
in the Iasi area over a distance of less than 100 m. The 
simulation of subsidence between two measurement 
cycles was accomplished through a controlled 
displacement of the checkpoints, the comparison 
between the obtained results being in relation to the 
measurements resulted from geometrical levelling. 

 
2. Material and methods 

 
The method consists of using a number of at 

least 4 station points of known height (A, B, C, D) 
resulting in some distance measurements and then, for 
each cycle, in some zenith angles measurements 
toward the control points (1, 2, ... , n) whose heights 
are required to be determined (Fig. 1). 

By applying the angle forward intersection 
method based on the least squares principle to a new 
point, his height will result in a coordinates system 
situated on a vertical plane. 

 

 
 

Fig. 1. The principle of the forward intersection in vertical 
plane method 

 
This is possible as for every new point there 

will be 4 determination sight lines, therefore a number 
of redundancies which is necessary in order to apply 
the minimum principle (Fig. 2). 

The natural origin of the coordinate system (d, 
H) is considered to be the point A, with: 
- The d axis, located horizontally in the direction of 
the alignment joining the 4 reference points (A, B, C, 
D); 
- The H axis, located vertically in the station point, A. 

The origin of the axis system will be translated 
to the left (in the opposite direction of the B, C, D 
points) with a rounded value (example: dA = 100 m). 

 

 
 

Fig. 2. Forward intersection in vertical plane (d, H) 
 
Therefore, the (d, H) coordinates of point A in 

the translated system will be (Eqs. 1-2): 
 

dA = 100 m;             (1) 
 
HA = hA + IA.             (2) 
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For the HA coordinate we will take into 

consideration adding the height of instrument (IA) to 
the height of point (hA). For all the other reference 
points, the d coordinate will be obtained by adding the 
horizontal distance from point A to the given point (B, 
C, D) to the d coordinate of point A (dA) (Eqs. 3-5): 

 
dB = dA + DAB;             (3) 
 
dC = dA + DAC;             (4) 
 
dD = dA + DAD.             (5) 
 

The H coordinate of the reference points (B, C, 
D) will be the result of adding the height of instrument 
to the height of the considered point, similarly to the 
previous case (Eqs. 6-8): 

 
HB = hB + IB;              (6) 
 
HC = hC + IC;              (7) 
 
HD = hD + ID.              (8) 

 
In order to determine the initial approximations 

of the (d, H) control points coordinates we can use the 
known formulas from the angle forward intersection 
in horizontal plane (Onose, 2004) by making the 
necessary adaptations for the vertical plane: 

- the θ orientations of the reference points 
directions located on the left of the control point will 
be replaced with the measured zenith angles (zo); 

- the θ orientations of the reference points 
directions located on the right of the control point will 
be replaced with (400g – zo), where zo represents the 
zenith angle measured to the new point. 

For example, according to Fig. 2, we can 
deduct the following formulas we can use in order to 
calculate the (d, H) coordinates for the new point 2, 
obtained by combining the A and D known points 
(Eqs. 9-10): 

 

2
tan( ) tan(400 ) ;

tan( ) tan(400 )

o g o
A A D D A D

o g o
A D

d z d z H Hd
z z

− − − +
=

− −
   (9) 

 
2 2

2

( ) tan( )
( ) tan(400 ).

o
A A A

g o
D D D

H H d d z
H d d z

= + − =

+ − −
         (10) 

 
The initial approximations of the new points 

coordinates will be further introduce in the rigorous 
processing based on the principle of least squares by 
using the indirect measurements method. In the case 
of the functional model, the most important stage is 
the forming of the observation equations system. The 
total number of the observation equations will be 
equal to the number of sight lines performed from 
every station point to the corresponding control points. 
Therefore, the adjustment model will be repeatedly 
applied to every new point. Every observation 
equation will be written distinctly, depending on the 

left or right position of direction towards the new 
point.  
- Case 1 (the reference point is to the left of the new 
point) – example A-1 (Fig. 3) 
 

 
 

Fig. 3. New point determination (Case 1) 
 
According to Fig. 3, we can see that (Eq. 11): 
 

1 1

1 1

tan(200 ) tan( )g A A
A A

A A

d dz z
H H
∆ ∆

− = ⇒ = ⇒
∆ ∆

  

1

1

arctan 200 .gA
A

A

d dz
H H

−
= +

−
                               (11) 

 
For linearizing the zA function, we will apply a 

first-order Taylor series expansion around point 1 of 
initial approximated coordinates 1 1( , )o od H  (Eqs. 12-
14): 

 

*
1 1

1 10 0

,A A
A A

z zz z dd dH
d H

   ∂ ∂
= + +   ∂ ∂   

         (12) 

where * 1

1

arctan 200 .
o

gA
A o

A

d dz
H H

−
= +

−
                   (13) 

 
From the equality (Eq. 14): 
 

*
1 1

1 10 0

,A A
A A A A

z zz z dz dz dd dH
d H

   ∂ ∂
= + ⇒ = +   ∂ ∂   

 (14) 
 
where dd1, dH1 are the unknown parameters and  the 
partial derivatives of the zA function with respect to d1, 
H1 are evaluated at the initial approximated values 

1 1( , )o od H  (Eqs. 15-16): 
 

( ) ( ) ( )
1 1

2 2 2 2
1 0 1 1 11

1

1 ;

1

o o
A A A

o o oo
A A AA

o
A

z H H
d H H dd

H

 ∂ ∆ ∆
= = ∂    ∆ ∆ + ∆∆

+  ∆ 
 (15) 
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( ) ( ) ( )
1 1

2 2 2 2
1 0 1 1 11

1

1 .

1

o o
A A A

o o oo
A A AA

o
A

z d d
H H H dd

H

 ∂ −∆ ∆
= = ∂    ∆ ∆ + ∆∆

+  ∆ 
 (16) 

 

In order to express the partial derivatives from 
the above relations as a variation of seconds per meter, 
we need to introduce the notations of following 
coefficients (Eqs. 17-18): 

 

( ) ( )
1

1 2 2

1 1

;
o

cc A

o o
A A

H Hcca
m H H d d

ρ −  =   − + −

    (17) 

 

( ) ( )
1

2 2 2

1 1

.
o

cc A

o o
A A

d dcca
m H H d d

ρ −  =   − + −
 (18) 

 
Therefore, the equation for the variation of the 

zenith angle depending on the variation of the 
rectangular coordinates (d, H) will be (Eq. 19): 

  
1 1 2 1.

cc
Adz a dd a dH= +  (19) 

 
The fact that there are more observations 

regarding the zenith angle starting from the point A to 
the new point 1 will result in a mean angle ( )o

Az  
computed as the average of the “n” individual 
measurements (Eq. 20): 

 

1

1 .
n

o o
A Ai

i
z z

n =

= ∑            (20) 

 
We will add the following correction (vA-1) to 

the initial approximation ( )o
Az  in order to calculate 

the adjusted zenith angle (zA) (Eq. 21): 
 

1.
o

A A Az z v= +              (21) 
 

Therefore (Eq. 22): 
 

* *
1 ( ) ( ).o o o

A A A A A A A A Av z z z dz z dz z z= − = + − = + −
 (22) 

 
In order to express the correction in seconds, 

we will write (Eq. 23): 
 

1 1 1 1 2 1 1,A A

cc cc cc cc
z A Av d l a dd a dH l= + = + +  (23) 

 
where *

1 ( ) .cc o cc
A A Al z z= −  

 
- Case 2 (the reference point is to the right of the new 
point) – example C-1 (Fig. 4) 

According to Fig. 4, we can see that (Eq. 24): 
 

1 1

1 1

tan(200 ) tan( )g C C
C C

C C

d dz z
H H
∆ ∆

− = ⇒ = ⇒
∆ ∆

  

1

1

arctan 200 .gC
C

C

d dz
H H

−
= +

−
          (24) 

 

 
 

Fig. 4. New point determination (Case 2) 
 

For linearizing the zC function, we will apply a 
first-order Taylor series expansion around point 1 of 
initial approximated coordinates 1 1( , )o od H (Eqs. 25-
26): 

*
1 1

1 10 0

,C C
C C

z zz z dd dH
d H

   ∂ ∂
= + +   ∂ ∂   

 (25) 

 

where * 1

1

arctan 200 .
o

gC
C o

C

d dz
H H

−
= +

−
                     (26) 

 
From the equality (Eq. 27): 
 

*
1 1

1 10 0

,C C
C c C C

z zz z dz dz dd dH
d H

   ∂ ∂
= + ⇒ = +   ∂ ∂   

  

 (27) 
 
where (Eqs. 28-29): 

 

( ) ( ) ( )
1 1

2 2 2 2
1 0 1 1 11

1

1 ;

1

o o
C C C

o o oo
C C CC

o
C

z H H
d H H dd

H

 ∂ ∆ ∆
= = ∂    ∆ ∆ + ∆∆

+  ∆ 
 (28) 
 

( ) ( ) ( )
1 1

2 2 2 2
1 0 1 1 11

1

1 .

1

o o
C C C

o o oo
C C CC

o
C

z d d
H H H dd

H

 ∂ −∆ ∆
= = ∂    ∆ ∆ + ∆∆

+  ∆ 
 (29) 

 

In order to express dzC in seconds, we need to 
introduce the following coefficients notations (Eqs. 
30-31): 

 

( ) ( )
1

1 2 2

1 1

;
o

cc C

o o
C C

H Hccc
m H H d d

ρ −  =   − + −
                (30) 
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( ) ( )
1

2 2 2

1 1

.
o

cc C

o o
C C

d dccc
m H H d d

ρ −  =   − + −
                (31) 

 
The equation for the variation of the zenith 

angle depending on the variation of the rectangular 
coordinates (d, H) will be (Eq. 32): 

 
1 1 2 1.

cc
Cdz c dd c dH= +                             (32) 

 
The fact that there are more observations 

regarding the zenith angle starting from the point C to 
the new point 1 will result in a mean angle ( )o

Cz  
computed as the average of the “n” individual 
measurements (Eq. 33): 

 

1

1 .
n

o o
C Ci

i
z z

n =

= ∑            (33) 

 
We will add the following correction (vC-1) to 

the initial approximation ( )o
Cz  in order to calculate the 

adjusted zenith angle (zC) (Eq. 34): 
 

1.
o

C C Cz z v= +            (34) 
 

Hence, the first case follows (Eq. 35): 
 

* *
1 ( ) ( ).o o o

C C C C C C C C Cv z z z dz z dz z z= − = + − = + −     
   (35) 

 
In order to express the correction in seconds, 

we will obtain (Eqs. 36-37): 
 

1 1 1 1 2 1 1,C C

cc cc cc cc
z C Cv d l c dd c dH l= + = + +         (36) 

 
where 
 

*
1 ( ) .cc o cc

C C Cl z z= −  (37) 
 
Following that, the observation equations will 

be grouped in matrix form according to the standard 
algorithm (Chirilă, 2014) (Eqs. 38-39): 

 
Ar,2X2,1 + Lr,1 = Vr,1   (38) 
 
where Wr,r is the weight matrix; r represents the 
number of sight lines from the reference points (r = 
4), (Eq. 40): 
 

1 11 2

1 11 2 1
,2 2,1 ,1 ,1

1 11 2 1

1 2 1 1

; ; ; ;

A A

B B
r r r

C C

D D

l va a
l vb b dd

A X L V
l vc c dH

d d l v

    
           = = = =             

     
  (39) 

  
1

1
,

1

1

0 0 0
0 0 0

.
0 0 0
0 0 0

A

B
r r

C

D

w
w

W
w

w

 
 
 =
 
 
 

                                (40) 

 
The weight of each equation is inversely 

proportional to the variance of the measured zenith 
angle (Eq. 41): 

 

1 12 2
1 1

1 1; ... ; .
( ) ( )A Do o

A D

w w
s z s z

= =               (41) 

 
The transition to the normal equations system 

will be made based on the minimum condition [wvv] 
→ min, resulting in the following matrix form (Eqs. 
42-43): 

 
N2,2X2,1 + T2,1 = O2,1 (42) 

 
where 
 
N2,2 = (A2,r)T

 Wr,r Ar,2 , T2,1 = (A2,r)T
 Wr,r Lr,1.  (43) 

 
The unknown parameters can be obtained by 

solving the normal equations system through the 
inverse of the normal matrix (Eqs. 44-45): 
 
X2,1 = - (N2,2)-1 T2,1 = - Q2,2 T2,1                              (44) 

 
where Q2,2 = - (N2,2)-1. (45) 

 
The adjusted values resulted at the end of the 

processing will be (Eqs. 46-47): 
- the zenith angles:  
 

,
i

o
i i zz z v= +  i={A, B, C, D} (46) 

 
- the rectangular coordinates (d, H) of the new 

point:  
 

1 1 1;
od d dd= +    1 1 1.

oH H dH= +                           (47) 
 
After the final check of the adjustment where 

the adjusted zenith angles must be equal to the ones 
resulted from the adjusted coordinates of the new 
point and the known ones of the reference points, we 
must go through the stages of evaluating the precision 
of the results (Eqs. 48-50): 

- the reference standard deviation of unit 
weight: 

 

0 ,
2

TV WVs
r

= ±
−

 (48) 

 
- the standard deviations for the weighted 

observations (zenith angles): 
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0 ;
iz

i

ss
w

= ±               (49) 

 
- the standard deviations of the adjusted 

coordinates: 
 

0 ;d dds s Q= ± 0 ,H HHs s Q= ±                (50) 
 

where ddQ  and HHQ  are diagonal elements from the 
covariance matrix (Q11; Q22), corresponding to the 
unknown parameters (d, H). 

In this case, the error of particular interest is the 
standard deviation of the adjusted height. Due to the 
special geometrical configuration of measuring the 
zenith angles, this error will be very small while on the 
horizontal direction, which is of little interest, the error 
will be rather large. 

 
3. Results and discussion 
 

The studied objective is the “Trancu” 
pedestrian bridge in Iasi, “Splai Bahlui” area (Fig. 5). 

 

 
 

Fig. 5. Studied objective: “Trancu” pedestrian bridge 
 

Concerning the monitoring of the vertical 
deformations of the studied objective, the control 
marks located on the construction have been lowered 
in a controlled manner in order to simulate a potential 
subsidence during two successive measurement 
cycles. In order to apply the trigonometric levelling 
method, the distances and zenith angles measurements 
have been performed with a LEICA TCR 407 total 
station. In order to make a comparison, measurements 
of the height differences through geometric levelling 
have been executed with a LEICA Sprinter 100M 
level. 

Within the trigonometric levelling network, the 
A, B, C and D benchmarks will be considered fixed 
points, of known height; therefore we must determine 
the heights by using the precise method of geometric 
levelling. For this purpose, a geometric levelling 
traverse has been executed, based on the benchmark 
of known height RN (HRN = 100 m) thus obtaining the 
height of the A, B, C and D benchmarks (Fig. 6). 

As a preliminary stage, necessary to the 
rigorous adjustment of the trigonometric levelling 
network, the horizontal distances from A to the B, C, 
D benchmarks and 1, 2, 3 control points have been 
determined in order to calculate their initial 

approximated coordinates in the vertical rectangular 
system (Fig. 7). 

 

 
 

Fig. 6. Geometric levelling traverse 
 

 
 

Fig. 7. Trigonometric levelling network 
 

The projected trigonometric levelling 
network is made up of 4 benchmarks with known 
coordinates (d, H) and 3 new control marks whose 
heights are going to be determined by angular 
measurements to both observation cycles. For every 
new point of the network, it is presented the measured 
zenith angles from the fixed points (Fig. 8). 

 

 
 

Fig. 8. The sight lines of the trigonometric levelling 
network  

 
Following the above algorithm [paragraph 2], 

we obtained the adjusted coordinates (d, H) for the 
control points and the mean square errors associated 
to every measurement cycle. 

In order to evaluate the precision of the results 
obtained using the trigonometric levelling method, 
only the standard deviations of the adjusted heights of 
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new points, in every measurement cycle, will be 
selected for analysis (Table 1). 

 
Table 1. The standard deviations of the adjusted heights of 

new points 
 

New 
landmark 

Standard deviations of the adjusted 
heights sH [mm] 

cycle  0 cycle  1 
1 0.5 0.1 
2 0.5 0.5 
3 0.2 0.2 

 
It is noticeable that the range of values in which 

the standard deviation of the adjusted height (sH) falls 
is [0.1 – 0.5 mm]. 

For a proper comparison of the adjusted 
network’s global precision for every new point it is 
presented the reference standard deviation of unit 
weight (s0) obtained in both measurement cycles 
(Table 2). 

 
Table 2. The evaluation of adjusted network’s global 

precision 
 

New 
landmark 

Reference standard deviation of 
unit weight (s0) 

cycle  0 cycle  1 
1 2.010766 1.235451 
2 2.394738 1.847033 
3 1.948683 1.265024 

 
For the second landmark, the measurements 

from the first cycle were affected by blunders. 
Following the data analysis, a large error of the D 
station was identified and therefore the D point has 
been removed from the adjustment in order to improve 
the determination precision of the new landmark (no. 
2). 

In order to compare the obtained results with 
the ones of the geometric levelling measurements we 
had to calculate the differences between the heights 
obtained by trigonometric levelling and the ones 
obtained by geometric levelling for both measurement 
cycles (Table 3). 

 
Table 3. Height differences between trigonometric 

levelling and geometric levelling 
 

New 
land-
mark 

Height differences between trigonometric 
levelling and geometric levelling [mm] 

cycle  0 cycle  1 
1 3.9 -2.1 
2 5.7 4.8 
3 3.7 5.0 

 
Another edifying comparison can be observed 

between the height differences resulted from the two 
measurement cycles both for trigonometric levelling 
and geometric levelling (Table 4). 

We can observe that the differences in value 
between the discussed methods (trigonometric 
levelling and geometric levelling) fall within the range 
[0.9-1.9 mm]. Approaching the final results between 

the two methods is due in this case to the fact that the 
height differences between the two measurement 
cycles remove a series of errors that occur within the 
trigonometric levelling method, especially in height 
instrument measurement. [There is no change of 
height instrument between successive cycles of 
observation]. 
 

Table 4. Height differences between the measurement 
cycles 

 

New 
land-
mark 

Height differences between the 
measurement cycles [mm] 

Differences 
[mm] 

Trigonometric 
levelling (TL) 

Geometric 
levelling (GL) (TL)-(GL) 

1 6.0 7.9 -1.9 
2 6.1 5.2 0.9 
3 6.6 7.8 -1.3 

 
4. Conclusions 
  

This paper proposes a method of applying the 
trigonometric levelling on a vertical deformations 
monitoring network. The method should lead to a 
better precision of determining the control points’ 
heights. The functional model in adjustment 
computations using the least squares principle 
contains only zenith angles measurements, the whole 
processing being adapted to a rectangular coordinate 
system in vertical plane. 

The principle of determining the heights of the 
new landmarks is based on the calculation of the 
forward intersection in vertical plane from at least 4 
reference points disposed on a single alignment. 

Due to the special geometric configuration of 
the sight lines’ intersection in the new points with 
obtuse angles, this will lead to the error ellipses with 
extremely flat conformation that highlight smaller 
errors on the vertical direction and larger errors on the 
horizontal direction, which are not of interest. 

Following the evaluation of the precision 
resulted from applying the method to the study case, 
we can observe that the standard deviation of the 
adjusted height of the new points did not exceed 0.5 
mm. By comparing the heights determined by 
trigonometric levelling with the ones of the geometric 
levelling, the differences were up to 5.7 mm. By 
comparing the height differences resulted from the 
measurement cycles, through trigonometric levelling 
and geometric levelling, maximum value did not 
exceed 1.9 mm. 

In conclusion, we can state that the method is 
viable and can be successfully applied to short 
distances when, for objective reasons, we cannot use 
the geometric levelling. An example is also a local 
geodetic network designed for the 3D calibration test-
field, to obtain a homogeneous and unitary precision 
of all three components of spatial positioning (Oniga 
et al., 2013, 2018). 

For further research, it would be useful to study 
the same kind of network on longer distances, noting 
the effect of vertical atmospheric refraction on the 
determination of the zenith angle. 
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When measuring the height of instrument, it is 

recommended to use a careful approach and if there 
are no changes of instrument position between the 
measurement cycles, we could remove it by 
calculating the height differences between successive 
measurements. Not least, using a total station with 
higher angular accuracy can lead to better results and 
less value for the standard deviation of the adjusted 
height. 
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